This paper is concerned with bounds on the remainder term of the Gauss-Turán quadrature formula,
Introduction
Let w be an integrable (nonnegative) weight function on the interval (−1, 1) , n ∈ N and s ∈ N 0 . It is well known that Gauss-Turán quadrature formula with multiple nodes,
is exact for all algebraic polynomials of degree at most 2(s + 1)n − 1. The nodes τ ν in (1.1) must be zeros of the corresponding s-orthogonal polynomials π n = π n,s satisfying the following orthogonality conditions Gauss-Turán quadrature formulae, or quadrature formulae with the highest degree of algebraic precision with multiple nodes, have extensively been studied in the last decades from both an algebraic and numerical point of view. Numerically stable methods for constructing nodes τ ν and coefficients λ i,ν can be found in [12] and [17] . Some interesting theoretical results concerning this theory have recently been obtained (see [16] (and references therein), [7, 15] 
The kernel is given by
The modulus of the kernel is symmetric with respect to the real axis, i.e., |K n,s (z)| = |K n,s (z)|. If the weight function w is even, the modulus of the kernel is symmetric with respect to both axes, i.e., |K n,
The integral representation (1.2) leads to a general error estimate, by using Hölder's inequality,
where 1 r +∞, 1/r + 1/r = 1, and
The case r = +∞ (r = 1) gives 6) whereas for r = 1 (r = +∞) we have
It is possible to obtain error bounds of the type (1.6) and (1.7) analytically (i.e., to calculate max z∈Γ |K n,s (z)| or Γ |K n,s (z)| |dz|) only for weight functions which admit explicit Gauss-Turán quadrature formulae, i.e., in the cases when explicit formulae for corresponding s-orthogonal polynomials are known. There are only a couple of them.
In 1930, S. Bernstein [1] showed that the monic Chebyshev polynomialT n (t) = T n (t)/2 n−1 minimizes all integrals of the
This means that the Chebyshev polynomials T n are s-orthogonal on (−1, 1) for each s 0. Ossicini and Rosati [14] found three other weight functions w k (t) (k = 2, 3, 4),
for which the s-orthogonal polynomials can be identified as Chebyshev polynomials of the second, third, and fourth kind: U n , V n , and W n , which are defined by
respectively. These weight functions depend on s. It is easy to see that W n (−t) = (−1) n V n (t), so that in the investigation it is sufficient to study only the first three Jacobi measures w k (t), k = 1, 2, 3.
Recently, Gori and Micchelli (see [4] ) have introduced for each n the class of weight functions defined on [−1, 1]
for which explicit Gauss-Turán quadrature formulae of all orders can be found. In other words, these weight functions do not depend on s, but depend on n. This class includes certain generalized Jacobi weight functions w n,
2 ) μ , where μ > −1. In this case, Chebyshev polynomials T n appear as s-orthogonal polynomials.
Gauss-Turán quadratures with respect to the first four weight functions (including the case s = 0) are considered in [2, 3, 8, 13] (error bounds of the type (1.6)), [6, 9] (error bounds of the type (1.7)). Error bounds on Gauss-Turán quadratures with respect to the weight functions
are considered only in the particular case μ = 1/2 (cf. [10, Section 3; 11] ). In this paper we consider more general case
The paper is organized as follows. The explicit representation of the kernel of the remainder term in Gauss-Turán quadrature formulae with respect to the weight functions of the class (1.8) on elliptic contours is given in Section 2. Error bounds of the type (1.7), i.e., bounds on 1 2π Γ |K n,s (z)| |dz| are derived in Section 3. Error bounds of the type (1.6), i.e., bounds on max z∈Γ |K n,s (z)| are derived in Section 4.
The modulus of the kernel on elliptic contours
Let contour Γ be an ellipse with foci at the points ±1 and a sum of semi-axes > 1,
As it is mentioned above we have that π n,s (t; w n, ) = T n (t). We use the following facts (see [14, Eqs. (4.1) and (4.2)])
By substituting t = cos θ , we have, in view of T n (cos θ) = cos nθ and U n−1 (cos θ) = sin nθ/ sin θ , 
Further, using the well-known equalities
we get an explicit representation of K n,s (z; w n, ) in the form 
Since w n, is an even function, we have that |K n,s (z)|, z ∈ E , is symmetric with respect to both axes. The graphs θ → |K n,s (z; w n, )| (z ∈ E ) for certain values of n, s, and are displayed in Fig. 1. 
Error bounds of the type (1.7)
In this section we study the quantity 
.
Using the fact
and applying Cauchy's inequality, we get
. 2
For k = 0, the bound (3.2) coincides with the bound (2.10) from [11] . As is seen from Figs. 2 and 3, the bound (3.2) is very sharp, especially for larger values of n, s and .
Completing the examples corresponding to Figs. 2 and 3, we explicitly include the connected quadrature formulae. Namely, it is well known that the nodes in the quadrature formula (1.1), in the cases under consideration, are given by
The coefficients λ i,ν are given by (see [18, Eq. Table 2 The coefficients λ i,ν from (1.1) when n = 5, s = 4, = 3. 
where convergence holds with respect to the weighted L 1 -norm
The prime on the summation indicates that the first term is halved. We conclude with some remarks about quadrature formulae studied here. In general, the nodes of Gauss-Turán quadrature formulae vary both with n and s, whereas in this case they are independent of s. This allows one to get higher precision by increasing s, without recalculating nodes. The convergence of (1.1) with respect to w n, (t), when s → ∞, immediately follows from (1.6) and (4.1). See also [4, Theorem 4.3] .
